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SOME PRIMAL PROBLEMS OF THE AXISYMMETRIC THEORY OF ELASTICITY
FOR SPACE WITH A FLAT SLIT BOUNDED BY A CIRCLE

L. G. Smirnov UDC 517.944

We consider the first and second primal problems of the axisymmetric theory of elasticity for
space with a round slit and a mized problem in which forces are specified on one side of the slit
and displacements are specified on the other side. The problems reduce to conjugation problems
for generalized analytic functions on rectilinear segments, whose solution is obtained in closed
form.

Reducing plane elastic problems for cracked bodies to conjugation problems for complex analytic
functions at the crack edges is an effective method of solution. In some cases, spatial axisymmetric elastic
problems with a flat boundary can be reduced to conjugation problems for analytic functions [1] or to
conjugation problems for p-analytic functions [2]. Using generalized analytic functions (GAF) in problems of
this type (space with a circular boundary of conditions, etc.) is also effective. Below, we give a solution of
the primal elastic problems for space with a round slit in an axisymmetric case where forces or displacements
are specified at the edges of the slit or forces are specified at one edge and displacements are specified at the
other edge.

For the elastic characteristics we use the following designations: G is the shear modulus and v is
Poisson’s ratio. The round slit of radius r is in the plane z = 0 (z, 7, and 8 are cylindrical coordinates). It is
assumed that forces or displacements are specified at the edge of the slit. Using GAF, we write the boundary
conditions at the edge of the slit [1]:

() = [V(")|F=0f +irE=f5(r) (r€Ls) (1)
or
2[®(r))* - [T(1))F =26 +iuf) =g*(r) (r€Ls). (2)

Here ®(t) and ¥(t) are generalized analytic functions over the entire plane, except on the segment L, z = 0,

0 < |r} < ¢, 0; and T, are the normal and tangential stresses, respectively, u. and u, are the displacements

along the z and r axes, Ly denote the lower and upper sides of the slit, respectively, & = 3—4v, and t = z+ir.
The differentiation operation for the GAF is defined by

(t) = lim [(b(tl) ~Re®(t) — (ir/r1)Im <I>(t)] [le=z+i(r=m)] (3)
=
In particular, ®'(t) = 0®(t)/9z. The stresses and displacements are given by the formulas
0. +0r+09=4(1+v)Re®'(t), o0p=4vRe®(t)+2Gu,/r, @

Oy + Ty = O (t) — 2287() — U (1), 2G(u. +iu,) = 28(t) — 228/(t) — U(2).

Taking into account that ¥(r) = ¥(7) for 7 = ir, we write conditions (1) and (2) in the form
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[@'(N)]F = [V(1)]* = [&'(N)]F = [¥'(-7)]* = £*(r), (5)

2 @(r)]* - [T(7) ¥ = 20%(1) — ¥H(—7) = g%(7). (6)
Using the definition of the derivative (3), we differentiate both sides of equality (6) along the slit edge assuming
that the derivatives exist up to the edge. As a result, we obtain [@®*(r) — TE(-1)) = (g% (1)) = gF(r),
where ¢ (1) = 2G(du /dr + u /r — iduZ/dr).
Denoting () = ®'(t) and ¥(t) = ¥'(t), instead of (5) and (6) we have
() = pF (=) = f(r),  apt(r) +9F(-1) =gf(r) (rel) (7)

Let t = z +4r and T = ir be the interior and boundary points. The function ¥1(t) = ¢(—t) is also a
GAF of the class considered here. For t — +0 + ir, we have —t — —0 — ir. Hence,

YT(=r) =97 (—ir) =y ) = ¢y (r), ¥ (=) =T (~ir) =97 () = vy (7). (8)
Thus, conditions (7) are written as
(1) = o (1) = f(r), @ (r) +ui(r) = g7 (7). (9)

Adding together and subtracting the first two equalities of (9), we obtain
[o(r) = u(T)]T + () = (7)) = fH(r) + () = fu(7),

[o(r) + 91(T)] T = [o(T) + u (D)™ = fH(7) = f7(7) = fo(7).
In the plane with the hole intersecting the z axis, the regular GAF (t) and 1, (¢) outside the hole and
vanishing at infinity are written as [1]

(10)

@(t) = S(w«(C)) @« (Q)M((, 1) dC,

3|~
—.

:_'n'rl

(11)

“P1(t) = S(¥1.(¢) = — Y1 (M (¢, t) dC,

wlr

3~
P

where M ((,t) = /(¢ —t)/(¢ —t) and ¢.(¢) and ¥.(¢) are functions that are holomorphic in the region D
and vanish at infinity, for which the following equality holds: ICllim Cea(C) = ICllim Cunx(¢) = 0. In relation
—00 hde

(11), it is assumed that the line of integration is below the slit and the line of branching of the radical M((,t).

For the indicated behavior of the functions ,(¢) and ¥1.(¢) at infinity, the value of the integral in
(11) does not depend on the method of integration. Therefore, for ¢ — —0 + i¢r we can integrate over the
upper side of the slit L, :

lo(r) = pa(P)]F = —;,—,17,—| / (64(0) = v1a(0))* M*(0,7) do

T

- ;1171 / (+(0) = ¥12(0)) * M (0, 7) do. (12)
Here allowance is made for the equality M*(o,7) = ~M~(o,7). For the lower side of the slit, we have
(P(r) = (P = =1 [ (pulo) = vun(o) M (0 7)o (13)
From (12) and (13), we obtain
[#(r) = (] + plr) = n (D) = = [10%(0) = (@M (0. 7) do (14)

F
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where QF (o) = pi(o) — ¥E (o). Similarly, we obtain

[p(r) + a () = () + () = = / A*(0) + A~ (@) M (0,7) do,
(15)
A*(0) = ¢ (0) + ¥ii (o).
The operator S™!, which is the inverse of S, has the form [1]

sTHe() =

Do) =

d ¢ | " O:{ 1. sign(Im¢Imt) > 0,

B(8)M(C, t)h(t, ) dt

dC! ~1. sign(Im¢Imt) < 0.
Applying the operator S™! to both sides of equalities (14) and (15), we obtain the following conjugation
problems for the analytic functions ©({) and A{¢) [3):

QY —- Q7 (¢) = -S7Hfi(r) = Fi(o), AT(Q) +AT(Q) = =S (fa7)) = Fa(o). (16)
For sufficiently large |(|, the functions ¢, (¢) and ¥1.(¢) = ¥.(—(¢) can be expanded in the series ¢,(¢) =

3" an¢™™ and ¥1(¢) = Y. bp(", where the coefficients obey the equalities
n=1

n=1
a1 =b; =0, @as — by = 0. (17)
Indeed, using the representations <I>( ) = S{¢0(¢)) and ¥(¢t) = S(¥o(¢)), at infinity we obtain the
expansions o(¢) = Z al¢™, ¥o(¢) = Z b3¢™", where &al + b = 0 [2]. Then, ¢(t) = ®'(t) = S(¢h(C))
and ¥(t) = S(¥(¢ ))n-OIn the symmetry ax15 2].
#(2) = ¢h(z)sign (=) = sign ()(—al/2* — 208/ ..),

W(z) = u(')(z) sign (z) = sign (2)(=b9/22 — 289723 — ...).
Introducing ¥ (t) = w(—t), we have
¥1(z) = sign (—z)(=b9/22 — 209/23 — ...) = sign (2)(9/22 — 289/° + ...

At the same time,

e(t) = S(ea(¢)),  1(t) = S(¥1.(Q)).

e = a2/ +as/Cr . Q) = b/ b3/
©(z) = sign (2)(ag/22 + a3/2> +...), ¥i1(z) =sign (2)(ba/2® + b3/ +...).
Comparing these expressions, we have ap = —a$, bp = b9, and, hence, @ay — by = 0.

The solution for the functions Q(¢) and A(() is written as

__ 1 F1(0‘) 01C+CO .
2(0) = 5;/ 2 do + HER = Li(Fi(o))
(18)
= 27” /X+ d0+X(<)C2:L2(F2(O))7

where X(¢) = (¢? + 02)”1/ 2. ¢y are constants, and the second terms on the right sides of equalities (18) are
solutions of the corresponding homogeneous conjugation problems (16). The coefficients ¢, are easily found
using conditions (17). Taking into account the formula for displacements (4) using the operator S, it is easy
to verify that solutions of the form (18) satisfy the conditions of continuous displacements at the points
t = #ic and finite potential energy.
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We write the specific form of the unknown coefficients (k = 0, 1, and 2). Since

2x(Q) = (AU +A(0))/2, Y1) = (AL — () /2,

then, writing the integrals in (18) for |[{] > ¢ in the form

/ Fi(0)/(0 - {)do = 1 / Fi(0)/(1 - 0¢™Y) do = — / Fi(0)o" do) ™",
L L

n=0

/ Fy(0)/(X*(0)(0 - ¢)) do = ~(* / Fy(0)/(X*(0)(1 ~ 0¢ 1)) do
L L

=3 / Fy(0)o"/X* () do) ",

n=0

from equalities (18) we obtain the equations

= Jim ¢ + AQ)) =1+ ca - -2—1;2_/53(0) do =0,

L

b = Jim ([AQ) ~ Q0] =2 — 1 + 5 / Fi(o)do =0,

¢—o0
L

@ay — by = lim ¢2[ee(QC) + A(0))/2 + ((C) — A()/2)

1
=—a3+. /F1(0)0d0+ ae—+—1 - l/F (0)/ X (o)do = 0.
4w —lm
L L
Hence,

¢ —L(/F(U)0d0+E/F(0‘)/X+(0')d0’> c ! Fi(o)do, c3=0
07 o ' e+1) 7 T ) e

L L L

As an example, we consider the case where uniform pressure p is applied to the sides of the cut. In this
case, Fi(o) = 2p and Fy(0) = 0 and from formulas (18) it follows that co = c2 =0, ¢; = 2pc/~, and, hence,

_p, C—ic 2pc ¢ 3
W) =Sh it T are  AMO=0
Consequently,
) = — =P M pc ¢ _ P ¢ —ic ic 1C
PO =l =g e+ s = 2m,(ln C+iC+C+ic+C—ic>'

Since ICllim ®,(0) =0 [1], for ®.(¢) = /cp*(() d¢, we obtain

¢—1ic
®.(¢) = 5 (2zc+Cln C+lC)

Denoting A(t) = Re (®(t)), B(t) = Im (¥(t)) and taking into account that ¢.(¢) = —9.((), we write formulas
(4) as
0.+ 0r+ 09 =41 +v)A(t), 09 =4vA(t)+2(1 — 2v)B(t) + zB'(t)/r,

9%?B(t)

0. =2A'(t) — 2:A4"(t), T =2z 5.2

(t =z +1r).

From formulas (11) we obtain
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t -
A1) = Re(@(8)) =~ Re( [ 810 £7 dc) = 7(®) + 2
t

where
-

1 p . CHic 1
L) = — Re(/%lnc_ic mrz_dey),

-r
r

D) = —-#TIRe(/Qim(Cicic * ¢ icic) \/;QL__y_f dy)

-r

(t=z+ir, (=x+iy, T=2z)
and integration is performed on the straight segment (z — ¢y, z + iy). Using the residue theorem, for the
corresponding branch of the radical, we obtain
c 1
Jo(t) = ~LRe —
& T2 + (z + ic)?

To calculate the integral. J|(t), it is convenient to differentiate with respect to the parameter ¢ and

then use the residue theorem. Integrating over c, we obtain Ji(t) = —(p/7) Im (In(ic+ 2 + /7% + (z +ic)?)].
Thus,
At)=-Lm [ln ic+z+ 12+ (2 +ic)? +—L—-—]
(t) = = Im | In( G Ty

Similarly, for B(t) we obtain

B(t) =Im (¥(t)) = —%Im [ln (tc+z+\r?+(z+1c)?) + z ;ch Ve +(z+ z’c)Q].

For z = 0 and r > ¢, we obtain the well-known solution [1]

g, = @( < arcsin c) og = 1+ 2u)p( ¢ arcsin C) (1= 21/)pc3
oa\ 2 T/’ T r?—¢? r/ a2 r =’
(1+2v)p c . cC (1 - 2v)pc?
= (14 2)0. —0g = ( - -) A pe
or=(1+2W)o. —op ~ o arcsin - + N

The conjugation conditions for the second boundary-value problem have the form
e (r) +9f (1) =g (r)  (T€L) (19)
Adding together and subtracting equalities (19), we obtain
lep(T) + 1(T)]T + [2e(7) + 91 (T)]” = go(7),  [ee() — ¥a ()] = [o(7) — ¥1(7)]™ = ga(7),

() =g (1) +97 (1),  @r)=g¢(r)-97(r) (rel).
As in the case of the first primal problem, for the functions Q(¢) = s, (¢)+¥1.(¢) and A(¢) = & ({)—11.(¢),

we obtain the conjugation conditions

Q*(0) = Q7 (0) = =57} go(7)) = G1(0), (20)

A*(0) +A™(0) = =57 Hga(7)) = G2(0) (0 € L).

To satisfy conditions (17), as in the first boundary-value problem, it suffices to use the solutions ©(¢)
and A(¢) in the form
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+ g
MO = %75 L/ TEIE B X = (- i(g+ o)

1
The constants ¢; and ¢y are easily determined: ¢y = 0 and ¢; = 5 / G1(o)do.
i
L

Since [1]
a2 = —P/(4n(1 + &), (21)

where P is the resultant of the forces applied to the slit, we can show that

_ 2P 1 + 1
co = ] + 57 /X (0)Ga(o) do + Q—ﬂ_—i/Gl(a)ada.
L L

Ton(l+
Therefore, for the resultant P, we can write the equality

P= 271'/[(0'2' +irt) = (o7 +ir;)|rdr
L

= —or / (@, (r) — & (7)) — (Y, (7) - V_(7) |7 dr

L
=- / SI(1 = 2)(Qu(0) - (o)) — (1 + @)(A+(0) — A— (o))} dr.
L

We consider another mixed boundary-value problem. Let displacements be specified on the lower side
of the slit and forces be specified on the upper side of the slit. In this case, the conjugation conditions have
the form

e (1) +yf () =a(r), T ()-v[()=f() (rel), (22)

where ¢1(7) and f(r) are specified functions.
Multiplying the first of equalities of (22) by —i/\/& and then by i//# and adding, respectively, the
right and left sides of the resulting equalities to the right and left sides of the second equality of (22), we have

[¢r) - Tz (0] = iVE[en) - =] =10 - Tz aln) = A6,
[+ =]+ ivElptn) + = n@)] = £+ Sz () = flo)

Performing calculations similar to the ones for the first and second boundary-value problems, for the analytic
functions Q(¢) = ¢.(¢) — (i/va@)¥1.(¢) and A() = p«(C) + (i/vV&@)¥14((), we obtain the conjugation problem
(o) - iveQ(0) = =S~ (fi()) = Fu(r),

AT (o) +ivaeA= (o) = =S~ fa(1)) = Fa(7).

From the equalities . (¢) = ¢«(¢) and ¥1.(¢) = ¥1.(C) it follows that
AQ) = (0. (24)

Therefore, the solutions of the conjugation problems (23) have the form Q(¢) = Lj(Fi(o)) and A({) =
Lo(Fa(o)), where, with allowance for (24),
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X; o)do
5y(f(e)) = 2 L/ X;ﬁ)za— =+ 5OB(0),

(25)
X1(Q) = X2(0) = (C+ie) (¢ —ie™h (j=1,2);
Pi(¢) = (c1¢ + co)/ (€ — ic), Py(¢) = (20 + ¢3)/ (€ +ic),
v=3/4+1Ine/(4m), c=&=0  co==cs, (26)

Re[(z — iv/&®)co] = Re{(z + iv/@)cs] = Re[(ae +iv®@)/(2mi) / Fi(0)/X{ (o) da].
L

Denoting the resultants of the forces on both sides of the slit and on the upper side by P and Py, respectively,
and taking into account (21) and (26), we obtain

1 P
— —_ + -
Reco—Re{Qm,/F}(cr)/X1 (o)do 47.‘(1+ae)]' (27)
L
Indeed,
. P 1 9
“E T e 2 ICIIE’nOOC [Q(¢) + A(Q)]
= -1-[-— L /FI(U)/X+(cr)da - L /Fg(a)/‘(+(0)da+ co+c ]
217 2m 1 2 2 0 E
L L
whence formula (27) follows.
For the resultant P, we write the equality
P= 2#/(02’ — ol )rdr = 27r/ajrd7' - 27r/Re(<I"_ =¥ )rdr
L L
= Pi =2 [ Re[S((¢-(0))- = (wno (o)) )} dr
L

b _ — . o == @

=P -7 [ Re[$(01(0) +B7@) + X7 (0) 700 + X7 0) 7o)
L

. N~y - 6 i % ,
iVE(27 (0) - 0f(5) + X7 (0) =25 - X{(2) ) | (28)

where
_Xi(Q) Fy(o)do
Q)= i J XF(o)o-¢)

This formula, together with (26) and (27), allows us to find ¢y and P. Using a solution in the form (25), it
is easy to verify that the displacements are continuous and the potential energy is finite.
To calculate ®(¢) and ¥(¢), we use the integration formula for GAF [1]:
t

o0 =3 [ [(1+ 725 )etrar+ (1~ 25 o] + 4+ 22,

to

! -
w) =3 [ [(1+ 555 Jut-nar+ (1= FoF ortmar] + 4+ 22,

to
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Here integration is performed along a curve that connects a certain point tg with the point ¢ (Im¢ > 0) and
does not intersect L, and A; and B; (j = 1, 2) are real constants for which the following relation [1] holds:

2B; + B; =0.

One of the constants A; (j = 1, 2) can be specified arbitrarily, and the second is determined from the known
displacements at any point. Without loss of generality of the solution, we can set By = Bs = 0. For Imt < 0,
the functions ®(¢) and ¥(t) can be determined from the formulas ®(t) = ®(%) and ¥(t) = ¥(?). Thus, all the
required functions are obtained.

The author is grateful to Yu. 1. Solov’ev for comments and remarks, which improved the article.
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